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distance in direction o f  tunnel centerline 

distance n o m a  to tunnel centerline 

upstream end of subsonic section 

downstream end of subsonic section$ geometric minimum 

upstream end of supemonic sectianj aeroanmic mirxtrnm 

dawnstream end of expansion portion of supersordc section 

a m.ifomi load 

cross Section bending mment 

moulent of iner t ia  uf crws section w i t h  respect to a 

perpepdicular axis through its cerzter: 
9. 

modulus of elastj.ci$y in Lension 

pressure 

density 



ku$t=, ro skin friction coef f ic ien t  



PURPOSE; OF Tii2 STUDY 

%'his paper presmita a nethod'for thg design a f  a f l ex ibk -  

wal led supersonic noeale, It or ig ina ted  as a Cfdsigm pmblea in 

the cons t ruc t im cf a s e r i e e  of stlpeirsonic nozzles  f 'or t i l e  

b-foot supersonic pressure tunnel a t  Larigley Field, f r i r d n i a  e 

L t  was The problm as  resented was ef e dual  n a Q ~ i * ~ -  

required to design il supersonic nozzle which  t-mdd nave smooth 

f l o w  at a given Liach nuinbw in the t e s t  section, S s o ,  it was 

specified that t h e  &,afibers which carry the load required to bend 

ca 

the flexible walls to form the  nozzle &auld be uniformly stresmd, 

Thrz area nf the  idd.rmm section forthe design Xach xrun:ber ' 

was h o r n  and t h e  rnecbnicd. design of the nechanib Par bmding 

t h e  flexible walls wa6 complete so the locat2ons of the appzied 

loads were krrapum. In addition, the lqcations af L~-B various 

parts of the  nozzle and I t s  overall length were, to sane exbnt,  

fixed bx the physical design of the @antB 

In  t h e  design of previous nozzles, which had bem 
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For high k c h  numbers, however, whepe mre severe ben$is,g of 

the plate is required, there am imposed serious stmctura.3. 

l h i t a t i o n s  

It is t h e  purpose of tPAs p a p r  to show t1la-k under these 

condi t ions the structural  and aerortylanijc requirenents can be 

sat isf ied j o h t l y  i n  a design of a pract ical  nature, 



Consideration of the re lat ionships  between densi ty3 

welccity, arid area cnaiges f o r  is&t,ropic f l o w  in a cfianriel 

~ h i c h  are obtainable frm the equation of motion and t h e  

continuity aquatian reveals that for sabscnic flows the speed 

i ~ r e a s e s  {Lore rapic9-y t h m  the corrvsspondirg decrease in 

density so khat t o  incw.ese t h e  :spmi.in t h i s  region i-t i s  

necessary t o  decrease t h e  area of the channel in order to 

satisr'y conti nui ty  considerstionsg on t h e  other .hand, whn 

the f l o w  is ~upesssn2Lc tk speed increases less rapidly than 

the density decreasses so that hem th? ama rms% increase - 
t o  increase ttie f low speed. 

paint where the fhcw reaches the s p e d  of s o d  2nd here the 

Betmen these tw r eg io r s  is a 
- i  



IT, STRUCTUWL Ei'TALLS 

The tamel. has a rectangular nozzle! m d  t e s t  section, 

figure 1 , consist5nq of t m  fixed pzraf ld .  s ide  w a l l a  aad 

the two norizontal  flexible nozzle  w d - l s j  the side a d l s  and 

nozzle w a l l s  are  25 feet long and are corht.inuous fro% a p&nt 

66 inchtits upstream of  the throat to tine end af the Le& s5ct;ion 

(figure 2). 

h e i g h t  which var ies xith the &;tach n u d e r  but i4Mch is 1-6.4 feet 

* 
5 

The t e s k  sect ion has a 'wridth of 4.5 fee$ and a 

r e g i i ~  d o n g  the w a i l  of apprcubntat.eIy 7 feet. 

The supersonic n o z d e  and t e s t  section are formed by 

tanifom f l o w  i n  tkle test. section, 

wal.3-8 is accapl i shed  by means of jacking screws a%tac;h6ird to 

transverse "corrugztions on t h e  outside of t h e  f lexible w d l s ,  

These corrugations, which are fasten& t o  the flexible w i l l s  by 

~ h t 3  deflection af tb noiela 
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aeans of studs welded to the under side af the plate, serve 

to increase the transverse a-tiffness of the nozzle plate an8 

t o  d i s t r ibu te  the jacking loads, thereby minimizing: local 

wall irregularities. 

i n  figure l(b), 

Details of this arrangement are %born 

In a design of t h i s  nature, it is necessary to  

consider the stresses arising f r o m  a number of cazLsBs 

including -bending i n  the flexible plates, dgflection due! 

t o  pressure differences across thd plates, and loads on the 

jacka and studs. 

reduced by lengthening t h e  nbzzle but this would cause 

Moat of these sources of stress could be 
s 

increased Rerodynlsmic losses due t o  f r i c i t i o n  a t  the w a i l s  

and a lso  the pbysical design of tihe sxiptbng turn& 
- 1  

configuration l h f C 6  the length. 

I n  an e a r l i e r  no8sle designed fo r  a Mach number of 

1.59, same failures of tne strzds used t o  attach the cgrmgation 

t o  the f2sxLbJ.e plate were csxpedehced in the SUbSOniC portion. 
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It’ia tnase studs which carry the: l aads  appzed by t h e  jacks 

to came t r t e  f b x i b l e  riails to fol low t k z  contcmr taLplates ,  

A stress analysis reveded ttrat the l oads  c&rrieci hy v~r ir ius  

stu& w e r e  v a q  u . n s q u d  as a r c a d t ,  of ti.e d i s t r - i b u t i w  of 

bending s t resses  i n  t~x f lex ib le  w a l l s  wai_eh l i ~ d  been fnired 

z r b i t r a r i l y  in t h i s  regior,. Sime t k i a  c o n d i t i m  would tecd 

to Gecorrie more ser ious vd%h increasin= livlach nurttkbr it ims 

decided that i n  trie design of a %‘acti 2.2 nozzle em a t t m p t  

should be mdc t o  cvealy div t r ibu te  the loads Oiler all .  t h e  

s tuds,  nct  only in the sQbsorAc p c f i o n  of ttie nozzle,  but 

~jroduce it. 

a criteria which must be  s a t i s f i e d  Jo in t ly  x i t h  the usucd 

This curve of unifem load can be considered as 



the nozz le  Lernpl-ites D I U S ~  be cmrjizted for a s e c t i o n  f r o m  t h e  

upstrem wid of t!,e f l ex ib l e  w d . 1  to thc and of t 3 e  tcs2, 

section, a t o t a l  cjistarice af 25 fee t .  For g a n e r d  reference, 

a iist o,t Ley s t a t i m  Iccations is given in t ab le  f mc? 

snmm grapixicdlf-j i n  f igu re  2 .  

P O i i 2 t  S ta t ion 
( fT ; ip re  2) if est  

2.e sc ri p t ion  

2d.  835 

-36.0 

ups t ram end of t e s t  section 

domstrea end of t e a t  section 
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'rimse nozzles have been brdl t  md tasted and found to give 

t 5toroingnl.y sa%i sf actor: re ELI l ts e 

sec t ion  is a<?jizstec! tc assu.re chcking a t  tne aerodynx~ir. 



It is possible GO conUric!er the siibonic s o r t i o n  of the 

;ioazle independently even t h m @  the eiitin nozzle, bath 

subsonic and supersor.jc parts, is bent  from a contimms 

sheet Q.f steel,because WLe s m i s t i o n s  of forces a d  mcwncrits 

a t  the dorrmstrem end of tL;iis portion (point 3) Qf t h e  nozzle 

w e  zero. The length in terns of jack specbg and the. dirtsc- 

nozzle s h a p  aust be continrious tarou& the ;ninimm. 
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T i k i n g  mornents about B, figure 2, 

m equation for the s l o p  %he uniform load curve, where 



Equation (1) i s  an equation of t h i r d  oyder and requires 

three boundary conditions f o r  a spec i f ic  solution, 

conditjons are supglied by the  requirements t h a t  t h e  d o p e  

These 

and ordinate of t h e  flexible w d l  a t  the upstream end of the 

section must equal those of t h e  flapper and a t  t h e  downstrean 

end be equal t o  the s l o p  and ordinate of the rnirxl.mm sectdon* 

Since the flapper plate is in f lex ib le  and 

as shown i n  figure 2, its ordinate and s l o p  are not imlepn- 

nged a t  one end 

dent so together they account far one boundary conditiora, 

The slope and ordinate a t  t h e  d m a t r e , u p  end of t h i s  section 

are independent variables and @ccount f o r  the. othsr kwc 

boundary conditions. 

The ordinate a t  the! Itlinimum section had previously been 

detexmined from the mass flow cbarac te r i s t ice  of the  cvrnpressor 

involved as 15,@? inches. 

m i n i m u m  requires that the slope must be zero tbm. 

these two end conditions, an expression involving t h . s l o p 8  

and ordlnate of the curve at point A, figure 2, can n m  be 

obtained using the x , y axis system wilfch tras ita migin a t  $, 

The condition tha t  the sect4.m is la 

Isnowing 

'It shouid be noted here %hat the use of the thrse axL@ - 
s y s t e m  located as s n o w  in figure 2 sii3plifiss the spglLoaf3.m QZ 
the boundary coridition and t h e  expression of the, differential 
equations. L 



so 

0 = o + c ,  

how2 f o r  an;y point on the Curve, equations (2) 2nd ( 3 )  c8n Sc 

60 that 

A t  p g h t  A, (x = t a ) ,  
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T h i s  expression defines the? s l o p  as a l i nea r  funakion 

ai' the ordinate. f o r  the e la s t i c  curve equation and is r lot ted 

in E L  u r e  3. A. second curve of orrlina+,e ve r sw s l o p  of the 

l'lalyc'r %late  end is p l o t t e d  on the sarne f igure  us ing  measure- 

r.:erits obt:.iried OR a scale model of the f i a p p r  and their 

intersect ion pmuides a comon solution which sat5 sfies both 

the geanstp'y of t.Le f lapper  uL:te and the e l a s t i c  curve 

Exac+> agrement in. slope a t  p i n %  .E is not c r i t i c d ,  



Usix enuation ( 3 )  a t  poin t  L ,  (x = c ) ,  

C, = 18.32 

since yilL = 18.33" is n second end conditior,. 

From equation ( 2 )  at point A ,  (x = o) ,  

.m L= .ooo 1681 =+ 784 

Solut ion of t n i s  equat ion f o r  successive v i l u e s  of x gives 

%he 

geonetric ainimm. 

which is true ordy if quan.tities in which (x - ?a) < 0 are 

neglected, 

domstmam of 9, the  gaoinetrie mixbpum,  t o  point-f: .where the 

expansion portion of the mprsoriic diffbser begins, This 

wrdinate f'os t ne  curve f m  khe flapper plat@ t o  t h e  

T h i s  is a general f o m  of' t h e  aquatdaon 

A p w d l e l  w a l l  extends o m  jack length ( 7  inchaa) 

$ 





t he  nozzle  is f ixed  by tfic shape of the ex;l.msi.cn part f o r  

'a giver, ~zei-1 numter. The e las t ic  c u v e  equat ion,  equr,tion ( l j ,  

. U f i c u f t  t o  obtain fdr the  slope, 3 1  orc??natJe since they are '  

func'tiions of each other ,  at the point of maximum. ex$n&ion, 
q, 
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of st raight  l ine sepernents. T M s  is done fcr tile 2'iml 

ht, tfiese points on the  unifcrrn load curve a x i  t k i r  intersect ions 



T h i s  use of character is t ics  has beer; i n  getnerd practice 

in superstnic aerod_vnmics f o r  some time and a ~x~themet i c i l  

tievelopam% 01% the cnarac te r i s t ic  e@-ztions can be found' i n  

ratfemncee m c h  as ltiemsnn and Fuckett  , 
Friedrichs3 which pmseat suck, a development w i t h  varying 

2 and Courant and 

f r a m  the! continuity equation a d  tne qx;,tiom of motion 

wriicn are resrectively 
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whcm u and v are v e h c i t y  cmjlorierrts IR the  x ~ n d  y- 

disectioris, F is prtsssura, 2nd p is density. Since the 

velocity of sound em Le wz%Lttn as 

a id 

r e s u l t  in 

as  

dimensions * 
I 
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I 

Pnysical significance c'an be attached to cbaracteristics 

by considering a supersonic: flow at a &ach 1i-w. 

m-idnitucie and direction of tr-e f l o w  trp~treiun 0.f the kach l i n e  

Here t h e  

t he  flo-cz. is continuous over a ch line! t h  potmlials and 
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desivatimm at the Zach l i n e  kt nat, elsewhere i t ,  cnn be 

conciuckd t n a t  the b c n  lines i n  a sv.nerfionic f low coincide 



s = =  
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Consider t!le case where S is indeterminant tjwaus? both i t s  

nilineratcr and denominator e q ~ d  zero, 



wtLi.ch has t h e  solutioris 

If it ie supposed t h a t  u zrLd v are b,om a t  e v e q  

poin t ,  t:,e t m  d i r e c t i o n s  g i v e n  by aquatiori  ( 2 4 )  are defined 

a,nd t w o  fc%dilies cf curves may be located in t h e  flow f i e l d .  

iL'h~.ae are caned ciioracteristic curves. In terns of v e l o c i t i e s  



This equation g ives  t h e  var ia t ion of u and v d.oag t h e  

charac tens t ic  l i n e s  

In the spplication or' t,ne cnhracteristic mti iod  to 

s u p r s o n i c  nozzle desib,n used hare mifcm sonic f l o p  is 

assmed 3% t h e  aerodynaiic xiniaw. The i ~ d i s  cjf tk.e nozzle  

m u g t  divsri;e l if ter t h e  thro:t t  in a manner wbich in general 

is arrtitraAT h u t  w l ~ i c t ~  in t h i s  case is Frescribed by t n e  uni i 'nm 

load condi t ion.  

x:tLiLch if it trczted as 3 series of s t ra ight  lirx? segmezts 

This is tie eqaqs ion  por t ion  or" t h e  n o n l e ,  

A t  saw, -mbt t h e  curvature nust reverse until the  

w a l i s  again becoxe garallel. I f  t h e  curve i n  'chis region is 
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beer. caxceied the wills w i l l  be pa;11el and the flow will be3 

undlsturbec! md t,hemforet p a r d l e l  to tne wdls t h o u g h o u l  the 

regioon at smic Kach nuwxr gres te r  t ; ;3.n one. 

problem. 



I INTRODUCTION 

Up t o  this point a l l  of the aerodynaic  calculations 

have dealt with potent ia l  flow, L e . ,  the effects of viscosi ty  

%ere neglected. In f lows  of this type the  only boundary 

condition a t  t h e  w a l l  is that the direct ion of the f lm niust 

be tangent t o  the  wall. The f low is free to slip d o n g  the 

suirface. Kowever, theory and &perben t  have shorn t h a t  the 

interact ion of forces between molecules in the f l o w  and i n  

t h e  wall i s  so.strong in fiaws of nonoal density tha t  the 

f l u i d  pa r t i c l e s  adjacent t o  the wall w i l l  have the sane 

v d o c i t y  as t he  w a l l  i tself .  Thisgonclition is incompatible 

x$.th the requirements for pbtent ia l  flow* "he fluid a t  stme 

dist;;nce f r o m  a w a l l  has a finite velocity re la t ive  t o  the 

wall w,hile a t  the surface Or the wall the relstive veloci ty  

is aero, 

i s  brought about by internal f ~ c t 3 o n  of viscosity.  

This decrease f r o m  finite to zem relative velocity 

Consideration of Viscosity htM&Ce8 a new houlldary 

eondit;ioa-which means t h a t  instead of the first order B&3ri& 

equations of motim, (1&), it is now n@cessar$ to deal xith 
t- 



second order equations, t h e  so-called Navier-Stokes equatdons. 

In two ditnensional flow f o r  a i r  they can be A t t e n  as 
0 

where p is the coeff ic ient  of viscosity and 

The %ems of the left side of these equations and the 

first tern on the  figh$ c a p r i s e  a ler t s  equation of ZlOt lQn,  

The div -% term i s  due t o  coulpressibility and the other  %ems 

r e su l t  frovt the action of viSc~Sit;y. 

Zxperlmen t a l  rsvlts siww t b t  even i n  a viscous f l u i d  

such as lair the f low,  except f o r  a t h i n  layer next to the  surfs# 

of a body, aots almost as if the a i r  were a non-viscous f lu id .  

In  this thin layer the veloci ty  changes from i t 8  free stream 

value a t  the outer edge to % e m  a t  the  edge adjacent to the 

w a l l .  

in a thin layer, the rate of change of velocity norad. t o  tbe 

flow d i rec t ion  (au/&y) can be very large,  This Viscous force 

pei: unit volme is r0 = pa so that i n  t he  layer this force can 

be appreciable evan though p, the coef f ic ien t  09 $?ieco&ty, iS 

sinal1 for a medium such as air, 

Since this change i n  velocity, which can be large, ~ c c u r s  

LI 3s 

Here tkte viscous and inertia 

terns are of the sane order of magnitude, 

the homml. velocity gradiant %ls #&pall &IO the viscous foliees a m  

Outside of t h i s  layer 

- 
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Following this l i n e  of reasoning, Prandt l  i n  l9& was able 

t o  Simplify t he  Mavier-Stokes equations thraugh an analysis of 

the order of magnitude of the terns so that a new set  of equations 

of motion could be m i t t e n  f o r  t h i s  region which he called t h e  

boundary layer, 

l aye r  equations and i n  two dinensions they are 

These equations are cornmanly h o r n  as the b o u n d w  

In obtaining equations (27), the assumption was made that .th 

variat ion of the veloci ty  components K i t h  time were of t he  same 

order of magnitude as the res6 of the acceleration terms, 

hven though s imple r  trian the Uavier-Stokes equations 

the boundary layer equations are st i l l  of the second order 

and it is not generally p s s i b l e  to obtain solutions of these 

equations, ~n approximate'solution can be obtained if the, idea 

of attempting t o  satisf'y the-equations of motion f o r  each 

individual particle is abandoned in favoP of satisfying only 

tine integral. of all the  pa r t i c l e s  over a section of the boundary 

layer, T h i s  amounts t o  satisfying the momentum equation which 

'is obtained by direct integrat ion of the boundary layer 

equations f o r  two dimensional compressible f l a w  as follows: 



-&ere S is the boundary l s y e r  thicicness. 

Consider firs$ 

so that 

Titerefort?, the  second aid t h i r d  t ea?$  of (2)) become 



j 3. 

is 

and 

can be revritten as 



a t d  it w a s  ass-med t o  ori ,5nate at sta'tion 6 ,  the upstream 

flange of t k e  entrarce cone, 

thickness t o  ;iomeiitul:i t nickress i s  considered and t!.e exper i -  

rnentd r e m i t  03 l'heodorscn and Keegier' t h -I t sk in  f r i c t i o n  
, 

coefficient f o r  tu rbulen t  ?low is ivtiepenclmit of Each r,ufiber 

is used. The additi;>n;ll a s smpt ion  is n:ade +,mt skin-t'riction 

fomulas  for flst pla tes  may oe used i n  tha computation of 

layer  correctinn. 





t’ 

- x  
( f e a t )  

9 
(inches} 

l a y  e x‘ corn a&t i on ’5 
(magnitude of boundary 
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Tne acroctgn&c design :.rocedurcs follow-ed those used 

in previom nozzles a n a  the s m e  degree of accuracy wsa~1 

obtsined i n  each ca5e, since trisse earlier nozzles were 

sa t i s fac tory  it, is believed that tne accuracy of this phase 

of the tlesiqn for. t h i s  nozzie  i s  J . so  suf f ic ien t ,  

has sham it t o  give  satisfactory results Tn a sirnil?-r 





desired, 



a flexible-walled sugersanic wir ic i .  t unne l  by the method of 

characteristics which wi l l  sat isfy the  s t ruc tura l  requiremat 

oi' ardfors locd on t h e  f lex ib le  &LLl supports is carried 

out t o  a r.racti.cil so1iitir.n. t-.ttention is given to the 

baekdround of t h e  i:rcCdttioc! cf c h r a c t e r i s t i c s  arAd a l s o  to 
b 

The f i n a l  r e su l t s  have been pz=esertted i n  h b l e  Ii i n  a foAm x. 

which gives nozzle' eoordinatts and the nLagnitude o f  boundary 

1- r correction. 
I 
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